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It’s a long, long way… 

O-O rdfs of bulk 
liquid water: many 
DFTs make water 
over-structured, 
with a very low 
diffusion coefficient: 
Schmidt et al. JPCB 
2009. Top: BLYP, 
Bottom: PBE, 
compared with 
experiment 
(dashed) 

!  Classical (rigid, 
unpolarisable): Bernal-
Fowler, SPC, TIPnP, etc: 
1933 onwards… 

!  Classical (flexible, 
polarisable): Kollman, Dang-
Chang, Ponder, Xantheas: 
AMOEBA, TTMn-F: 1990 
onwards… 

!  Ab initio-based: Clementi, 
Jordan, Szalewicz...: 1976 
onwards… 

!  DFT: Parrinello, Car, Sprik, 
Tuckerman, Galli and many 
others:1992 onwards… 

!  Quantum nuclear corrections 
with path integrals: 
Manolopoulos, Car… 

After 80 years of 
intensive effort by 
1000’s of 
researchers… 



Relative energies of ice 
structures: Santra, Alfè, Car, 
Michaelides, Scheffler et al., 
PRL 2011 

Transition pressures between ice 
structures can be off by a factor 10 

024516-4 Wang et al. J. Chem. Phys. 134, 024516 (2011)

TABLE II. Simulations parameters used, and average values obtained in this work: mass density ρ, exchange-correlation functional, average temperature
Tavg, diffusion coefficient D, position rmax

OO of first maximum in gOO(r ), position rmin
OO of first minimum in gOO(r ), average coordination number, and average

number of hydrogen bonds NH−bond. For each calculation, quantities are averaged over 20 ps. At ambient conditions, the experimental self-diffusion coefficient
is 2.2 × 10−5 cm2/s for H2O and 1.8 × 10−5 cm2/s for D2O (Ref. 11). The experimental coordination number is 4.7 (Ref. 13).

ρ (g/cm3) Functional Tavg (K) D (10−5cm2/s) rmax
OO (Å) rmin

OO (Å) Coord. NHbonds

0.65 BLYP 361 2.82 2.87 3.63 3.85 3.49
0.75 BLYP 361 3.26 2.86 3.53 3.89 3.40
0.85 BLYP 349 2.29 2.83 3.45 4.03 3.58
0.95 BLYP 349 2.01 2.82 3.40 4.33 3.61
0.65 PBE 363 3.72 2.81 3.52 3.77 3.43
0.75 PBE 358 2.49 2.80 3.47 4.21 3.51
0.85 PBE 352 1.33 2.77 3.41 4.28 3.67
0.95 PBE 354 1.16 2.76 3.36 4.31 3.69
1.00 PBE 353 1.18 2.75 3.28 4.23 3.78
0.65 revPBE 338 4.35 2.89 3.62 3.58 3.34
0.75 revPBE 339 4.19 2.88 3.55 3.79 3.56
0.85 revPBE 348 3.73 2.85 3.51 4.09 3.46
0.95 revPBE 341 2.74 2.83 3.45 4.46 3.50
0.95 DRSLL 296 2.68 2.93 3.50 4.87 3.63
1.00 DRSLL 300 2.63 2.92 3.46 4.90 3.68
1.05 DRSLL 303 2.12 2.92 a — —
1.00 DRSLL-PBE 304 2.08 2.83 3.38 4.52 3.58

aAs there is no sharply identifiable first minimum in gOO(r) at 1.05 g/cm3, we cannot provide the accurate value here.

Pressure-density curves obtained with three GGA func-
tionals (BLYP, PBE, and revPBE) and two vdW-DFs (DRSLL
and DRSLL-PBE) are compared in Fig. 3.

Because of the reasons given in the Introduction, each
functional is simulated at a different temperature (see
Table II), but we would like to stress that this has only a mi-
nor effect on the resulting average pressures.51, 52 To illustrate
this, we show in Fig. 3 the experimental densities at 300 and
360 K for P = 1 atm. Their difference is much smaller than
that between different functionals.

All GGA functionals result in theoretical equilibrium
densities considerably lower than the experimental value (ρ =
0.997 g/cm3 at P = 1 atm). The equilibrium density of PBE is
0.85–0.90 g/cm3, close to the value presented in Refs. 8 and
23 around 12% lower than experiments. The BLYP equilib-

32 64 128 512 1024
# of Water Molecules

0

2

4

6

∆P
 (

kb
ar

)

0.95g/cm3

1.00g/cm3

1.1g/cm3

1.2g/cm3

FIG. 2. Convergence of average pressure with system size. "P is the
pressure difference between the system of N molecules and that of 1024
molecules, at 300 K and four different densities. All the simulations in this
figure were performed using the TIP4P empirical force field.

rium density of 0.76–0.85 g/cm3, also within the range pro-
vided by Schmidt et al.10 and 19% lower than experiments.
The revPBE density is 0.63–0.75 g/cm3, or 31% less dense
than experiments.

The large differences in the calculated densities of sim-
ilar GGAs are surprising and require some analysis. Like
many liquids, water maintains much of the short-range or-
der of its solid. In ice Ih, a rigid framework of hydrogen
bonds forces a tetrahedral coordination and a relatively open
structure with large voids. Four of these interstitial voids sur-
round each molecule, along orientations opposite to those of
its H bonds (we will call them “antitetrahedral” orientations).
In the liquid, entropy implies that part of the H bonds are

FIG. 3. Pressure-density curves obtained in AIMD simulations with differ-
ent GGA and vdW XC functionals. The error bars are standard deviations
of average pressures in three different runs with the same density, XC func-
tional, and temperature. The simulation temperatures can be found in Table II.
The colored boxes show the estimated range of equilibrium densities at
P = 1 atm ≃ 1 bar. The arrows indicate the experimental densities at 300
and 360 K and 1 atm (Ref. 52).
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Predicted density of water can be 
30% too low with some 
functionals (icebergs would sink!) 

Wang, Román-Pérez, Soler, Artacho, 
Fernández-Serra, J. Chem. Phys. (2011) 



Parts of the energy 

1st-order 
electrostatics 

Coulomb interaction between unperturbed 
charge distributions of monomers 

2-body 

Polarisation 2nd-order electrostatics (NB: not just 
dipolar polarisability) 

Many-body 

Exchange-overlap  Pauli repulsion of closed shells Mainly 2-body 

Dispersion Non-local electron correlation Mainly 2-body 

Monomer 
deformation 

Bond stretch, bond-angle bend 1-body 

Etot (1,...N ) = E(1)(i) +  E(2)(i, j) +  E(3)(i, j,k) + ...
i < j < k

∑
i < j
∑

i
∑

where   E (2) (i, j) = Etot (i, j)−E
(1) (i)−E (1) ( j) , etc...

The many-body expansion: 



Cost and limitations of going beyond DFT 

•  Quantum Chemistry methods (MOLPRO code)  
–  MP2 (N4) 
–  CCSD(T) (N7), molecules and small clusters. Accuracy: 

within 1 meV of exact for water dimer. 
•  Quantum Monte Carlo (CASINO code) 

–  Cost is N3 (same as DFT, but with a big prefactor) 
–  Molecules and extended systems 
–  Metals and insulators 
–  Efficient use of large parallel machines 



PC ( ~ 4-32 cores) 

Local facility  
(~ 100-5K cores) 

National facility  
(~ 10K-100K cores) 

World leading facility  
(~ 100K -1 M cores) 

DFT 
QC 

QMC 
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QMC scaling on JaguarPF (Cray XT6, 
300,000 cores at ONRL) 

M.J. Gillan, M.D. Towler and D. Alfè, "Petascale computing opens new vistas for quantum Monte Carlo", Psi-k Highlight of the Month, February 2011. 
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The water monomer 

The deformation energy of the H2O molecule as 
function of bond lengths and bond angle is known 
essentially exactly from quantum chemistry 

Some DFTs (e.g. PBE, 
BLYP) give a very poor 
description, but DMC is 
very good 

Error in approximate deformation energy vs benchmark 
Benchmark PS is H. Patridge and D. W. Schwenke JCP, 106, 4618 (1997)"
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The water dimer: DMC 

Comparison of DFT 
errors with DMC errors. 
(“Errors” = deviation from 
CCSD(T) at CBS limit.) 

Errors of total energy of H2O dimer for thermal sample of 198 
configurations drawn from AMOEBA m.d. simulation of liquid 

M. J. Gillan, F. R. Manby, M. D. Towler and D. Alfè, J. Chem. Phys. 136, 244105 (2012) 



The water dimer: GAP 
Correcting DFT with GAP (Csányi et al.) 
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"  Based on ideas of Bayesian learning from large databases of 
energies and forces of system of atoms and molecules: see Bartók, 
Payne, Kondor, Csányi, PRL (2010) 

"  For H2O dimer: 12 degrees of 
freedom: descriptor space 
consists of intra- and inter-
molecular distances (symmetry 
is important). 

"  First GAP for difference 
between DFT and MP2/
AVTZ, second GAP for basis-
set corrections and 
CCSD(T)-MP2. 

"  Resulting DFT+GAP gives quasi-
exact to within rms of ~ 1 meV. 



The water hexamer:  
four isomers 
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FIG. 1. Unit cells of the ice phases studied are shown here. Brief descriptions are given in Table

II. The red spheres are oxygen atoms and the white spheres are hydrogen atoms.

TABLE I. Isotropic polarizability (a.u.), anisotropic polarizability (a.u.), and dipole moment (De-

bye) of an isolated water molecule with di↵erent methods. CCSD and CCSDT polarizabilities are

taken from Ref. [26], the experimental polarizability is taken from Ref. [27], and the experimental

dipole moment is taken from Ref. [28].

PBE PBE0 CCSD CCSDT Expt.

Isotropic Polarizability 10.66 9.69 9.54 9.55 9.63

Anisotropic Polarizability 0.23 0.50 0.59

Dipole Moment 1.80 1.85 1.86 1.855

DFT and QMC for ice structures 3
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FIG. 1: Relative lattice energies, �U0 (a), and volumes, �V0 (b), of the high pressure ice phases

with respect to the lattice energy of ice Ih obtained with the methods indicated. (c) Transition

pressures (Ptr) from ice Ih to the various high pressure phases.

TABLE I: Absolute lattice energies (omitting zero point energy e↵ects) of ice Ih, II, and VIII.

Relative energies compared to ice Ih (�U0) are given in parenthesis. All values are in meV/H2O.

Ih II VIII

Expt.a -610 -609 (1) -577 (33)

DMC -605 ±5 -609 ±5 (-4) -575 ±5 (30)

PBE -636 -567 (69) -459 (177)

PBE0 -598 -543 (55) -450 (148)

PBE0+vdWTS -672 -666 (6) -596 (76)

aRef. [24], with zero point energy contributions removed.

contribution from H bonds decreases. As a result, vdW plays a crucial role in determining

the relative stabilities and phase transition pressures in ice. The results presented here

are likely to be of relevance to understanding intermolecular interactions in water in all

its condensed phases as well as to structural searches for (novel) high pressure ices and to

molecular crystals in general.

We start by discussing lattice energies, which are obtained by subtracting the total energy

[25] of the ice unit cell containing n H2O molecules from the total energy of n isolated H2O

molecules. In this context Whalley’s extrapolations of the experimental finite temperature

and pressure phase coexistence lines to zero temperature and pressure are extremely valuable

Relative energies Volumes Transition pressures 

Ih II VIII 
Expt -610 -609 -577 
DMC -605 -609 -575 
PBE -636 -567 -459 
PBE0 -598 -543 -450 
PBE0+vdW -672 -666 -596 

Cohesive energies of ice Ih, II and VIII (meV/H2O) 
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FIG. 1. Unit cells of the ice phases studied are shown here. Brief descriptions are given in Table

II. The red spheres are oxygen atoms and the white spheres are hydrogen atoms.

TABLE I. Isotropic polarizability (a.u.), anisotropic polarizability (a.u.), and dipole moment (De-

bye) of an isolated water molecule with di↵erent methods. CCSD and CCSDT polarizabilities are

taken from Ref. [26], the experimental polarizability is taken from Ref. [27], and the experimental

dipole moment is taken from Ref. [28].

PBE PBE0 CCSD CCSDT Expt.

Isotropic Polarizability 10.66 9.69 9.54 9.55 9.63

Anisotropic Polarizability 0.23 0.50 0.59

Dipole Moment 1.80 1.85 1.86 1.855
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FIG. 1. Unit cells of the ice phases studied are shown here. Brief descriptions are given in Table

II. The red spheres are oxygen atoms and the white spheres are hydrogen atoms.

TABLE I. Isotropic polarizability (a.u.), anisotropic polarizability (a.u.), and dipole moment (De-

bye) of an isolated water molecule with di↵erent methods. CCSD and CCSDT polarizabilities are

taken from Ref. [26], the experimental polarizability is taken from Ref. [27], and the experimental

dipole moment is taken from Ref. [28].

PBE PBE0 CCSD CCSDT Expt.

Isotropic Polarizability 10.66 9.69 9.54 9.55 9.63

Anisotropic Polarizability 0.23 0.50 0.59

Dipole Moment 1.80 1.85 1.86 1.855

Santra et al. PRL (2011) 



 Hexamer in thermal equilibrium 

M.d. simulation with Fanourgakis-
Xantheas classical potential 
(flexible polarisable): T = 200 K, 
duration = 1 ns, configurations 
taken every 10 ps. 
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1 mHa = 27 meV = 0.63 kcal/mol

BLYP-1 - DMC
BLYP-1 + GAP - DMC

Errors of BLYP (using DMC as benchmarks) 
Red points: BLYP corrected for 1-body errors 
Green points: BLYP corrected for 1-body and 2-body 

Key points: 
#  BLYP-1 seriously underbinds 
#  Underbinding decreases as cluster 

expands, so BLYP-1 errors make 
cluster expand in thermal 
equilibrium 

#  GAP 2-body correction gives 
BLYP-2: slight overbinding, must 
be due to beyond-2-body 

#  BLYP-2 errors almost config-
indep, so do not affect thermal-
eqm structure or dynamics. 



The nonamer in thermal equilibrium 
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1 mHa = 27 meV = 0.63 kcal/mol

tc: BLYP-1 - DMC
td: BLYP-1 - DMC

tc: BLYP-1 + GAP - DMC
td: BLYP-1 + GAP - DMC

Errors of BLYP (using DMC as benchmarks) 
Red and blue: BLYP corrected for 1-body 
Green and magenta: BLYP corrected for 1- and 2-body 

M.d. simulation with Fanourgakis-
Xantheas classical potential 
(flexible polarisable): T = 200 K, 
duration = 1 ns, configurations 
taken every 10 ps. 

Similar to hexamer: 
#  BLYP-1 greatly underbinds, 

makes cluster expand 
#  BLYP-2 = BLYP-1 + GAP 

somewhat overbinds, because 
of beyond-2-body errors 

#  BLYP-2 errors almost indep of 
config, so ok for thermal eq 
structure and dynamics 



Liquid water 
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Liquid water with BLYP-2: 



The pentadecamer in thermal equilibrium 
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Where are the errors in DFT functionals? 

"  There is no single answer – it depends on the DFT 

"  For BLYP, dominant errors are in 1-body and 2-body; 
beyond-2-body error is not negligible, but it depends only 
weakly on configuration. So using GAP to correct 1- and 
2-body gives big improvement. 

"  For PBE, dominant errors appear to be in 1-body and 
beyond-2-body. So using GAP to correct 2-body is 
unlikely to achieve much – we will test this 
expectation. 



Where so far? – Where next? 

" Must achieve overall description: clusters, crystal, liquid 

" QMC succeeds where DFT fails 

" Water: the subtle balance between 2-body and 
beyond-2-body is crucial 

"  Normal DFT fails, DFT+GAP is accurate for clusters, 
crystal, liquid – with judicious choice of DFT 

"  The concept of “statistical benchmarking”: QMC for large 
thermal samples used to test and calibrate other methods 

$  Will generalise to many other molecular systems: CH4, NH3, 
HF, H2O + CH4 , H2O + HF ⥨ H3O+ + F- , … 

Project made possible by large 
allocation of time on JaguarPF 
and Titan under INCITE 
program 


