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Hartree-Fock Triple excitation

» For an N-electron system, N spin-orbitals are chosen out of
2M spin-orbitals {¢1, ¢, ..., pans } to form a Slater
Determinant,| D;).
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» For an N-electron system, N spin-orbitals are chosen out of
2M spin-orbitals {¢1, ¢, ..., pans } to form a Slater
Determinant,| D;).

» Complete space of determinants is finite, but exponentially

growing in N and M as (2]1\\]/1)
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London Full Configuration Interaction

» We can project the many-electron Hamiltonian into the space
of Slater De:cerminants and solve in this space.
Hy; = (Ds|H|Dj).

> lterative diagonalization of the sparse Hamiltonian in this
space gives the "Full Configuration Interation” (FCI) solution.
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London Full Configuration Interaction

» We can project the many-electron Hamiltonian into the space
of Slater De:cerminants and solve in this space.
Hy; = (Ds|H|Dj).

> lterative diagonalization of the sparse Hamiltonian in this
space gives the "Full Configuration Interation” (FCI) solution.

» As H contains at most 2-electron operators, matrix elements
between determinants are a simple combination of one- and
two-electron Hamiltonian integrals.

» Energy is variationally minimized — all of the basis set
correlation energy captured.
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We can project the many-electron Hamiltonian into the space
of Slater De:cerminants and solve in this space.

Hy; = (Ds|H|Dj).

Iterative diagonalization of the sparse Hamiltonian in this
space gives the "Full Configuration Interation” (FCI) solution.
As H contains at most 2-electron operators, matrix elements
between determinants are a simple combination of one- and
two-electron Hamiltonian integrals.

Energy is variationally minimized — all of the basis set
correlation energy captured.

Solve as |Wcr) = >, ¢|Dy)
Exponentially scaling with system size (N or M)
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» Solutions to H|W) = E|¥) also solve e‘Tﬁ|\1!> = e TE|D).
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» Solutions to H|W) = E|¥) also solve e‘Tﬁ|\1!> = e TE|D).
» Propagate % = —H|V).
» Lowest energy eigenfunction |W¢y) becomes dominant.
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London FCI Quantum Monte Carlo
» Solutions to I{T|\Il> = E|V) also solve e_TH|\1!> = e_TE|‘IJ>.
» Propagate 8‘% — —H|D).
» Lowest energy eigenfunction |W¢y) becomes dominant.

Let |Wcr) =Y alDs)

acl B Z Higes.

v

v

Represent ¢; as populations of signed psips (walkers)
propagating through space.

George H. Booth, AJWT, and Ali Alavi, J. Chem. Phys. 131, 054106 (2009)
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» Given a psip at j, at time 7 + d7 spawn a new one at

randomly chosen i based on —d7Hj;. This sample Zj.
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» Given a psip at j, at time 7 + d7 spawn a new one at

randomly chosen i based on —d7Hj;. This sample Zj.
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» Given a psip at j, at time 7 + d7 spawn a new one at

randomly chosen i based on —d7Hj;. This sample Zj.
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8Ci = —[Hii — S]Ci — ZHijCj'

or S
.]—)l

» Given a psip at j, at time 7 + d7 spawn a new one at
randomly chosen i based on —d7Hj;. This sample Zj.

» Psips at i die based on é7(Hj; — S). Usually S < Egp
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8Ci = —[Hii — S]Ci — ZHijCj'
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» Given a psip at j, at time 7 + d7 spawn a new one at
randomly chosen i based on —d7Hj;. This sample Zj.
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8Ci = —[Hii — S]Ci — ZHijCj'

or S
.]—)l

» Given a psip at j, at time 7 + d7 spawn a new one at
randomly chosen i based on —d7Hj;. This sample Zj.

» Psips at i die based on é7(Hj; — S). Usually S < Egp

» Start S = Egpr. Once enough psips created change S in
response to population. e.g. for growth, make S more
negative, so more death.
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8Ci = —[Hii — S]Ci — ZHijCj'

or S
.]—)l

» Given a psip at j, at time 7 + d7 spawn a new one at
randomly chosen i based on —d7Hj;. This sample Zj.

» Psips at i die based on é7(Hj; — S). Usually S < Egp

» Start S = Egpr. Once enough psips created change S in
response to population. e.g. for growth, make S more
negative, so more death.

» Opposite-signed psips at the same determinant annihilate.
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» Given a psip at j, at time 7 + d7 spawn a new one at
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8Ci = —[Hii — S]Ci — ZHijCj'

or S
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» Given a psip at j, at time 7 + d7 spawn a new one at
randomly chosen i based on —d7Hj;. This sample Zj.

» Psips at i die based on é7(Hj; — S). Usually S < Egp

» Start S = Egpr. Once enough psips created change S in
response to population. e.g. for growth, make S more
negative, so more death.
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> Initial
configuration

FClQMC Coupled Cluster Coupled Cluster Monte Carlo $
[e]e) 0000@00 000000 000000000000 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College
London

> Initial

configuration

» Spawning

Alex Thom

Stochastic Coupled Cluster Theory

Example

FClQMC Coupled Cluster Coupled Cluster Monte Carlo $
0000@00 000000 000000000000 000




Imperial College
London Example

> Initial
configuration

» Spawning
» Death
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> Initial
configuration

» Spawning
» Death

» Annihilation
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> Initial
configuration

» Spawning
» Death
» Annihilation

» Spawning
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> Initial
configuration

» Spawning
» Death

» Annihilation
» Spawning
> Death
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> Initial
configuration

» Spawning
» Death

» Annihilation
» Spawning
> Death

» Annihilation
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» Initial
configuration

» Spawning
» Death

» Annihilation
» Spawning
» Death

» Annihilation

» Many steps
later
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» With a system-dependent critical number of psips, FCIQMC
reproduces Cl energy essentially exactly.

» Critical psip number, N, needed to allow the correct sign
structure of the wavefunction to develop.

> Below this, energy is wrong. Plateau shows what N, is.

. . . .
0 10000 20000 30000 40000 50000
iteration
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London The Initiator Approximation

» Only allow psips on determinants with a significant population
(3+) to spawn to unoccupied determinants.

> Vastly reduces N,. Introduces systematic, but controllable
error.
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London The Initiator Approximation

» Only allow psips on determinants with a significant population
(3+) to spawn to unoccupied determinants.

> Vastly reduces N,. Introduces systematic, but controllable
error.

» Scaling exponential with increasing system size — even with
initiators.

> Able to calculate energies for previously insoluble systems
(larger by many orders of magnitude).

Deidre Cleland, George H. Booth, and Ali Alavi, J. Chem. Phys. 132, 041103 (2010)

George H. Booth, and Ali Alavi, J. Chem. Phys. 132, 174104 (2010)

Deidre Cleland, George Booth, and Ali Alavi, J. Chem. Phys. 134, 024112 (2011)
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London The exponential Ansatz

» Coupled Cluster Theory uses a cluster operator T= > i tidi
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London The exponential Ansatz

» Coupled Cluster Theory uses a cluster operator T= > i tidi

» which can be split into excitation levels (and truncated)
T=T1+Ts+T3+...

T § : asa T § : ab ~ab

7 1<J
a a<b
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» Coupled Cluster Theory uses a cluster operator T= > i tidi
» which can be split into excitation levels (and truncated)
T=T1+Ts+T3+...
Ty=> tlaf Ty=> tihagh

i i<j
a a<b

The exponential Ansatz

> Use an exponential to generate the wavefunction
T
[Wee) = e [Do)

> Exponential generates products of excitors
' =1+T1+Tot -+ 312+ 11T + - -
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» Consider a single atom.
» Excitation &%I? is present in both CISD and CCSD.
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v

Consider a single atom.
Excitation &;.1]1? is present in both CISD and CCSD.

Consider two separated non-interacting atoms: X and Y.

v

v

Simultaneous excitation a°X"X® % needed for same level of
o XXty Iy
description of each atom.

v
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Consider a single atom.
Excitation ag; b is present in both CISD and CCSD.

Consider two separated non-interacting atoms: X and Y.

b b
Simultaneous excitation g5 XYY
7X]XZY]Y

description of each atom.

Present in CCSD in lT2 product a*x X a0y
IX])x tyJy

Only present in CISDTQ level and beyond.

needed for same level of
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Consider a single atom.
Excitation ag; b is present in both CISD and CCSD.

Consider two separated non-interacting atoms: X and Y.

b b
Simultaneous excitation g5 XYY
7X]XZY]Y

description of each atom.

Present in CCSD in lT2 product a2XUx qavby
X)X ]y

Only present in CISDTQ level and beyond.

As number of electrons increases, truncated Cl rapidly
worsens.

needed for same level of
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Error in Energy per atom / kJ/mol

103

cC
1 kcal/mol
Ne, CI
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10° T . . .
— CC
----- 1 kcal/mol
10% F — Ne, Cl
T Ne, CI

Error in Energy per atom / kJ/mol
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&éSMEmI :&gumsycluster Coupled Cluster Monte Carlo $
[e]e) 0000000 000e00 000000000000 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College
London

Size

Consistency

10t b

10° b

10t F

Error in Energy per atom / kJ/mol

10—2 L

103

cC

1 kcal/mol
Ne, CI
Ne, CI
Ne, CI

Alex Thom

Stochastic Coupled Cluster Theory

[e]e]

3
Truncation Level

4

&éSME'OI :clé)u{ﬂgy Cluster

0000000

O00@00

Coupled Cluster Monte Carlo
000000000000

$
[elele}




Imperial College
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» Solve H|Uqc) = E|Uqc).
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» Solve H|Uqc) = E|Uqc).

» Could solve projected equations like
(DolH — Ele” Dg) =0
(D2|H — EleT Do) = 0
(DEH — Ele" D) = 0, etc.
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» Solve H|Uqc) = E|Uqc).

» Could solve projected equations like

(Do|H — E|e" Do) =0

(D2|H — EleT Do) = 0

(DEH — Ele" D) = 0, etc.
» Complicated and non-linear, so solve iteratively.
» Not variational.
» Full Cl and Full CC are equwalent C=el,
» Normally easier to solve (Ds|e~T (H — E)e ] 0) =

FCIQMC  Coupled Cluster ~ Coupled Cluster Monte Carlo
00 0000000 500080 600000000000 000
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(Di|(H — E)|[Wer) = 0
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London Cl vs. CC Theory

(Di|(H — E)|[Wer) = 0
(Di|1 = 67(H — E)|W¢y) = (D;|¥cr)
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London Cl vs. CC Theory

(Di|(H - B)|¥cr)
(Di|1 — 67(H — E)| W)
> (Di|1 = 67(H — E)|¢;Ds)

J

FCIQMC Coupled Cluster
00 0000000  00000e
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London Cl vs. CC Theory

(Di|(H - B)|¥cr)
(Di|1 — 67(H — E)| W)
> (Di|1 = 67(H — E)|¢;Ds)

J

Ci — or Z(Hl — Eéij)cj
J

FCIQMC Coupled Cluster
00 0000000  00000e
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London Cl vs. CC Theory

(Di|(H = E)[¥er) = 0
(Dil1 —67(H — E)|W¢)) = (Di|¥cr)
> (Di1 = 67(H - B)le;Ds) = ¢

J
¢ — 0T Z(H1 — Eb&j)c; = o
J
ci(T) — 0T Z(H1 — Eb)ci(t) = (14 607)

J
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(Di|(H = E)[Wco) = 0
(Dil1 —67(H — E)|Vcc) = (Di|Pcc)
Z (Di|1 = 67(H — E)|;D;) = ¢

—57’2( iy — By = o
ci(r) — 67 Y (Hyj — Edy)ci(t) = a7+ 07)

J
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<Di‘(I—:I_E)’\I’CC> =0

(Di]1 = 67(H — E)|[Yce) = (Di|Vece)

> (Di|1 = 67(H — E)|D;)(Dj|Vcc) = (Di|¥cc)
¢ — 0T Z(H1 — Eb&j)c; = o

ci(T) — ot Z(H1 — Edj)ci(1) = c(m+67)
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(Di|(H - E)|Vce)

(D1 = 61(H — E)| Vo)
> (D1 — 67(H — E)|D;)(Dj|¥cc)

(Di|Wee) — 67y (Hiy — Edy){D;|¥eo)
Ci(T) — 0T Z(Hl — E(sij)Cj(T)

J

FCIQMC Coupled Cluster
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Cl vs. CC Theory

(Di|Vcc)
(Di|¥cce)

(Di|¥cce)

ci(T 4+ d7)
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London Cl vs. CC Theory
(Di|(H = E)[Wco) = 0
(Dil1 —67(H — E)|Vcc) = (Di|Pcc)
> (Di|1 = 67(H — E)|D;)(Dj|Vcc) = (Di|¥cc)
(Ds|Vee) — 07 ) (Hij — Bég)(DjlVee) = (DilVec)
ci(T)—(STZ(Hi-—E(Sij)Cj(T) = c¢(r+97)

eg. Dy =D§l. (Di|Vcc) = t5f + t2t% — 917 = ;+O0[T7).

FClQMC Coupled Cluster Coupled Cluster Monte Carlo $
[e]e) 0000000 00000e 000000000000 000

Alex Thom

Stochastic Coupled Cluster Theory



Imperial College
London Cl vs. CC Theory

(Di|(H = E)[Wco) = 0
(Dil1 —67(H — E)|Vcc) = (Di|Pcc)
> (Dill = 67(H — E)|D;){D;|¥cc) = (Di|¥cc)

(Di|¥cc) — 572( ij — E6i5)(Dj|Vec) = (Dil¥oc)
57’2 ij — 1_] D|\IJCC( >> = ti(T+5T)

eg. Dy =D§l. (Di|Vcc) = t5f + t2t% — 917 = ;+O0[T7).
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ti(T) — 0T Z(Hl — E(Sij)<Dj‘\Ifcc(T)> = ti(T + (57’)

J

» Vi,Vj, calculate (D;|Wcc (7)) and update ;.
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London Sampling the CC equations

ti(T) — 0T Z(Hl — E(Sij)<Dj‘\Ifcc(T)> = ti(T + (57’)

J

» Vi,Vj, calculate (D;|Wcc (7)) and update ;.
» Vj, calculate (D;|Wcc(7)). Now randomly pick i, and update
t.
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London Sampling the CC equations

ti(T) — 0T Z(Hl — E(Sij)<Dj‘\Ifcc(T)> = ti(T + (57’)

J

» Vi,Vj, calculate (D;|Wcc (7)) and update ;.
» Vj, calculate (D;|Wcc(7)). Now randomly pick i, and update
t.

7 1 1
T A A A A A
e =1+ E tia; + 5 E tityaiaz + 5 E titstxaiajax + . ..
i ij ijk
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London Sampling the CC equations

ti(T) — 0T Z(Hl — E(Sij)<Dj‘\Ifcc(T)> = ti(T + (57’)

J

» Vi,Vj, calculate (D;|Wcc (7)) and update ;.

» Vj, calculate (D;|Wcc(7)). Now randomly pick i, and update
t.

7 1 1
T A A A A A
e =1+ E tia; + 5 E tityaiaz + 5 E titstxaiajax + . ..
i ij ijk

> Pick a random term in X and work out j and (Dj|Vec(r))
from just this term. Now randomly pick i, and update ;.
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» Represent 7' = > tid; as a population of excips for each
excitation.

» Need to sample

7 1 1
i . A JUUUIN
e =1+ E tiay + Bl E titjajaz + 30 E titjtkaiajax + . ..
i ij ijk
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» Represent 7' = > tid; as a population of excips for each
excitation.

» Need to sample

- R 1 . 1 P
el =14 Ztiai + 21 Ztitjaiaj + 3 Ztitjtkaiajak +...
i ij ijk

> From list of excips randomly select a number of them
(remembering signs). Need normalized probabilities.

a b b a b c c c ab ac abc
LT o A o Ay At S a7 S S o S ? S 07 S 11"

AJWT Phys. Rev. Lett. 105, 263004 (2010)

FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 080000000000 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College o
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» Represent 7' = > tid; as a population of excips for each
excitation.

» Need to sample

- R 1 . 1 P
el =14 Ztiai + 21 Ztitjaiaj + 3 Ztitjtkaiajak +...
i ij ijk

> From list of excips randomly select a number of them
(remembering signs). Need normalized probabilities.

a b b a b c c c ab ac abc
LT o A o Ay At S a7 S S o S ¥ S 0 S 11

AJWT Phys. Rev. Lett. 105, 263004 (2010)
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» Represent 7' = > tid; as a population of excips for each
excitation.

» Need to sample

- R 1 . 1 P
el =14 Ztiai + 21 Ztitjaiaj + 3 Ztitjtkaiajak +...
i ij ijk

> From list of excips randomly select a number of them
(remembering signs). Need normalized probabilities.

a b b a b c c c ab ac abc
LT o A o A At a7 S S o S ¥ S a0 S 11

AJWT Phys. Rev. Lett. 105, 263004 (2010)
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ac b
tik
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+iE = = —ad

» Collapse this into a single excitor and apply to the reference,
resulting in a determinant.

~ab b
~a2%|Do) = ~| D)
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ac b ~abc
+ik: —J - aljk

» Collapse this into a single excitor and apply to the reference,
resulting in a determinant.

~ab b
~a2%|Do) = ~| D)

» Spawning: Pick random excitation from \Df‘]blf) (e.g. ) and

abc>

spawn according to —57'<DC|H|D”k
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London Discretization
+iE = = —ad

» Collapse this into a single excitor and apply to the reference,
resulting in a determinant.

~ab b
~a2%|Do) = ~| D)

» Spawning: Pick random excitation from \Df‘]blf) (e.g. ) and

spawn according to —5T<DC|H|D;‘]b,§> ... Create new +¢
excip.
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London Discretization
+iE = = —ad

» Collapse this into a single excitor and apply to the reference,
resulting in a determinant.

~ab b
~a2%|Do) = ~| D)

» Spawning: Pick random excitation from \Df‘]blf) (e.g. ) and

spawn according to —5T<DC|H|D;‘]b,§> ... Create new +¢
excip.

» Death: Die according to 57((ijb,§]H|ijb,§> - 5).
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London Discretization
+iE = = —ad

» Collapse this into a single excitor and apply to the reference,
resulting in a determinant.

~ab b
~a2%|Do) = ~| D)

» Spawning: Pick random excitation from |D%%) (e.g. §) and

ijk
spawn according to —5T<DC|H|D;‘]b,§> ... Create new +¢
excip.
» Death: Die according to 57((ijb,§]H|ijb,§> —S5). ...Create

new +“ "k excip.
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London Discretization
+iE = = —ad

» Collapse this into a single excitor and apply to the reference,
resulting in a determinant.

~ab b
~a2%|Do) = ~| D)

» Spawning: Pick random excitation from \Df‘]blf) (e.g. ) and

spawn according to —5T<DC|H|D;‘]b,§> . Create new +¢
excip.
» Death: Die according to 57((ijb,§]H|ijb,§> —S5). ...Create

new +“k excip.
> Annlhllate as in FCIQMC.
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> Initial excip growth much faster than FCIQMC.

» Critical number of excips required otherwise growth unstable.

FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000008000000 000

Alex Thom

Stochastic Coupled Cluster Theory



Imperial College
London Performance
> Initial excip growth much faster than FCIQMC.
» Critical number of excips required otherwise growth unstable.
» Critical number of excips seems to scale with size of space.
e.g. CCSD N, ~ N*.
» Able to reproduce large coupled cluster calculations in less
time.

FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000008000000 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College

London Performance

> Initial excip growth much faster than FCIQMC.

» Critical number of excips required otherwise growth unstable.

» Critical number of excips seems to scale with size of space.
e.g. CCSD N, ~ N*.

» Able to reproduce large coupled cluster calculations in less
time.

> Initiator approximation also applicable.

» Cluster is initiator iff all component excips have sufficient
amplitude.

» Much fewer excips, so much faster.

Alex Thom
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00 0000000 000000 000008000000 000

Stochastic Coupled Cluster Theory



Imperial College

London

Correlation Energy/Har

Alex Thom

Stochastic Coupled

Ne cc-pVQZ initiator

—0.3330 T T T T T T T

—0.3335

—0.3340

—0.3345

—0.3350

—0.3355

—0.3360

—0.3365

0 20000 40000 60000 80000 100000 120000 140000 160000
# excips

FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000000®00000 000

Cluster Theory




Imperial College _
London Scaling

10° T T . . 101
decade
10° | 120"
year
110°
7
w107 F ]
~ s
) 1,6 2
E week 10 S
2 10° b g
o] S
1107 @
10° £ day
1108
— Full CCSDTQ time -+-  Full CCSDTQ mem
10* f| — MC CCSDTQ time -+-  MC CCSDTQ mem |]1¢°
n L L L
TZ Qz 5Z 6Z
Basis
FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000000080000 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College
London Parallel Scaling

4.5 " " , :
— ldeal Scaling
a0l H ccmc

Speedup rel. to 24

5 n n n n n n n n

0 0 20 30 40 50 60 70 80 90 100

Cores
FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000000008000 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College
London The Uniform Electron Gas

rs =1

—0.90— T T T
> H ni4iFciQqmc
2
c
© —0.95F 1
5
(%3
(]
©
3 /
5 —1.00F 1
C
w
=
S
=
o _1.05-
L
5
o)

_1.10— . . .

4218' 1030°! 51471 34271 18671

# hacic fuinctinng

FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000000000800 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College
London The Uniform Electron Gas

rs =1

—0.90— T T T
> H ni4iFciQqmc
2 F n14 ccsp
© —0.95F 1
=
(%3
9]
g
5
£ -1.00f 1
C
w
c
2
=
L —1.05F
I
S
o

—1.10— L L L

42187" 1030 5147 34271 186!
# hacic functinng
FCIQMC Coupled Cluster Coupled Cluster Monte Carlo $
00 0000000 000000 000000000800 000

Alex Thom

Stochastic Coupled Cluster Theory




Imperial College

London The Uniform Electron Gas
rs =1

—0.90— T T T
- T nl4iFCcIQMC
2 H n14 ccsb
£ —0.95F| - n14icCSDT ]
b
T
)
‘q]:; —1.001 ]
w
=
2
© _1.05} |
o
5
o

100518 1030 514 3420 186!

# hacic fuinctinng
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>

Alex Thom

Stochastic Coupled Cluster (CCMC) behaves very similar to
FCIQMC

Truncated CC allows polynomial scaling spaces to be used.
Much simpler to implement than deterministic CC.
Required number of excips appears to scale with size of space.

Initiator approximation very successful at reducing critical
number of excips.

Feasible on workstations, and very parallelizable.
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Benchmarking.

v

v

Solids. Complex excips.

v

Large-scale parallelization.
f12-CCMC.
CASCC.

Soon to be available in MOLPRO
Applications...

v

v

v

v
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