Energy derivatives in fixed-node QMC.:
unbiased estimates with finite variance
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The forces evaluated using equation (21) yield bond 0.03
lengths for the SiH molecule with an error (with respect to 0 {}2_
DMC energy calculations) of much less than 0.01 A, which is
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acceptable for most purposes. Of course, before claiming that < 0.01
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the problem of calculating DMC forces is ‘solved’, accurate 7 g
results for heavier atoms and larger systems are required. To 2 001 i
o
S 0.

this we should add the issues of efficient generation of the
pure probability distribution for large systems, overcoming the -0.02

‘infinite variance’ described in section 7, obtaining accurate 20 Uj_ s L .l
forms for Wt and dWr/dA, and (hopefully)_removing the 1.44 1.46 148 1.50 1.52 1.54 1.56 1.38 1.60
second approximation in equation (21). Notwithstanding these Si-H distance in A
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We want an estimator of the derivatives of Frp
- with finite variance
- fully consistent with E'rpn
- to second order



Energy derivatives in QMC

E = /ELPdX/Z — (Ep)
E' = (E; + (EL — E)(In P)")
E" = (B! + (E;, — E)(In P)"

+(Er — E)(InP) (In P)" + 2(E; — E")(In P)")

P = P~ Variational Monte Carlo
P = \IJCIDFN Fixed-node QMC

these estimators have the zero-variance property
but their variance is actually infinite...



Fixed-node calculation by a Metropolis algorithm

- project a trial function in imaginary time
\Ijﬁ — 6_6H/2\If — (G_TH)P/Q\IJ — \If() T = ﬂ/P

-G(R,R';T) short-time approximation of (Rle"""|R')

- express physical quantities as discretized path integrals

Zs = (sl U5)] U(R) [[G(Ri, Ruri 1)U (Rp) X
:/P(X)dX; X ={Ro,...,Rp)
1 1
By = - (WalHWg) = o [ EL(Ro)P(X)dX > Ey

- use a Metropolis algorithm (e.g. RQMC) to sample paths



a toy problem

L 1 9°
1D particle mabox:H:—ia$2 Fyx, —L<x<lL

trial function (wrong on purpose): ¥(x) = cos(kx)(1 + ax)

sampling probability: P(X) = ¥(xg) H Gz, xir1; 7))V ()
short time approximation:
G(xi,x;:7T)= e~ (@i=w;)" /27 o=y (witw;) N(x;,z;;7)
primitive nodal (Ceperley, 1996)
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E’, E" consistent with FE



derivatives:

dE/dy

d2E/dy?

dE d*FE
dvy’ dy?
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2
Al d°F have infinite variance:

dL’ dI>?
dFE dET dln P
— = - (Er — B
i~ g T B
1 /m\?2 o T 7
EL(z) 9 (Z) * 1+ ax L tan Ex

P(X) = W(ag)(1 — e 200 /T)(1 — = 2hda/m) 5 ...

near a node:
Ep ~1/d P(x;) ~ d*(x;)
dEr /dL ~ 1/d” dln P/dL ~ 1/d

the integral of PE’ is bounded, but the integral of P(E" )* is not
(likewise for Er,(In P)" )



as the walls are displaced, L, — L, we change variable:

[ deEL(Lyy(L,x))P(L,y(L,x))J

E(L) [dxP(L,y(L,z))J

r — y(L,x) =xL/Lg
Jacobian J = L/L

near the nodes, d remains unchanged upon displacing L:
d(Lg,z) ~ d(L,y(L,x)) — derivatives have finite variance.

(trade-off: change of variable puts some noise elsewhere,
e.g. in the free-particle action)



data trace without / with change of variable
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blue line: polynomial fit to points

(green: its quadratic par1i)
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lithium dimer

Slater-Jastrow trial function:

- 1s,2s5,2p STO 3G HF orbitals

- fit LCAOQO coefficients vs. n-n distance

- e-n cusp correction

- one-parameter e-e Jastrow exp(ar/(1+ br))

Probability density: P(X) = U(Ry) H G(R;, Riv1;7)V(Ra)

short time approximation:
—(R;—R;11)%/2 —2d,d, — > (el D)
G(Ri, Rip1;7) = e Wi in) 727 (1 gm2didina/T)e Taplap
free-particle nodal pair product



1983)

cumulant approximation to pair action (Ceperley,
G(R/7 R) 6) X e—(R—R,)Q/Qe (1 — e_Qdd//e){e_ Zi<j U(rij,r;j,e)]

eiej(2ep/h*) 1/
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dE/d)\ ~ (E(A+ A) — E(\))/A

A— A+ A finite increment
S— S change of nodal surface

d—d change of nodal distance

~

change variables near the nodes so that: d = d

P ~

R=R+&d)(d—dd

£(d) smoothly goes fromOto 1as d — 0

~

J=1—(d—d){(d) (neglecting wave function curvature)
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calc. fit calc. fit
E’ -0.9198(36) -0.9226 E’ 0.00036(12) 0.00018
E” 0.0791(48) -0.0773 E” 0.02106(84) 0.02082

147 - . . -14.93

148 |
-14.94 |

energy
energy

149 |

15 - - - -14.95 - - -
2 2.5 3 3.5 4 4 4.5 5 5.5 6

distance distance

blue line: polynomial fit to energies
green line: quadratic part of the fit
red line: quadratic expansion from calculated derivatives






