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intralayer bond length: doc=1.4196 A
atomization energy FE.=7.374€eV /atom

intralayer isotrop. elastic constant: C7; + Ca=1240 GPa

interlayer distance: dinterlayer = 3.94 A
exfoliation energy: Fex=35...52meV /atom
interlayer elastic constant: ('33=36.5 GPa
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Exfoliation energy of graphite
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Dispersion forces for thin layers

TABLE I. Asymptotic vdW energy of parallel structures. K
and D, are constants.

System Present Standard
I D metals® —D2(In(KD))3/2 —-D7?
1D insulators |9] —D7? —D7?
2D metals [10,11] —D—3/2 —D™4
sr-conjugated layers® —D3 —-D™*
| metallic, 1 77 layer® —D 3 1In(D/D,) —D™4
2D insulators [6] —D™4 —D™4
Thick metals or ins. [11] —D7? —D7?

“* Denotes new derivations given here.

[from Dobson, White and Rubio, Phys. Rev. Lett. 96, 073201 (2006)]
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Diffusion quantum Monte Carlo (DMC)

N-particle Schrodinger equation:

r;
100 (r) = — %V2\IJ(T) +V(r)¥(r) _ w
arbitrary
starting

with = (71, r2...7 ). distribution

I N—— poo AN A e NG

O
<
As diffusion equation in imaginary time: o
| TE
_ 2 2
O¥(r) = SV2U(r) — V(r)¥(r) lg
diffusion— term souree— te.rn.q S\ ‘ §
(branching/killing) E—— N A T S ST S o
X - 4 distribution
- ximati
Compute (bosonic!) ground state energy: gfgisz
Eo=(Upuc/H[Wap) & ) HWapx(7)
r c{cfg}
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Fermionic DMC (Fixed node approximation)

approximate (“trial”) wave function W, (e.g. from DFT)
defines nodal surface through modified drift-diffusion equation:

1 V apx
ufr) = V() (L) )+ (B Bl (r)
& p apx ~~
. . - -~ - source—term
diffusion—term drift —term (branching /killing)

V(r)
Mixed distribution: M

F(r) = Vap{r)¥pM7MC(T)

f(r)= IIjapx (r): IIIDMC (1)

Local energy:

B VQ\IJapX(r)

E —
loc \Ij apx( r)

+V(r) W, (1)

fixed node ---*
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exfoliation energy (meV/atom)
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Results: finite size convergence
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CPU times:
graphene 3x3 cell (72 electrons): 500 CPU hours — £3.1meV /atom
graphite 3x3x1 cell (144 electrons): 1000 CPU hours — £2.3meV/atom
graphite 3x3x2 cell (288 electrons): 4000 CPU hours — £4.4meV/atom
graphite 6x6x1 cell (576 electrons): 4000 CPU hours — £9.9meV/atom
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Results: finite size convergence
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+> supercell size

CPU times:
graphene 3x3 cell (72 electrons): 500 CPU hours — £3.1meV /atom
graphite 3x3x1 cell (144 electrons): 1000 CPU hours — £2.3meV/atom
graphite 3x3x2 cell (288 electrons): 4000 CPU hours — £4.4meV/atom
graphite 6x6x1 cell (576 electrons): 4000 CPU hours — £9.9meV/atom

... 10x10x1 (1600 electrons), +5.0meV /atom — 120,000 CPU hours (77)
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DMC algorithm

o(r) = §V3(r) = V(S

2 Yapx

-

)1()+ [ = Pl ()

. -4 source-term
drift-term (branching/killing)

diffusion-term

time step d7 in imaginary time 7: population of Ny, "walkers”
I

—

1. drift-diffusion step

2. "growth” of each walker

loc

3. integer multiplicity of walker:

4 Nriﬁ)lt > 2: clone walker (p) Toranch X Tcorr
(p) A, 1. (branching rate) (correlation time)
N = 0: kill walker (p) T — correlation within population

5. start over for next time step
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Computational cost of DMC

€total = N, step X N, pop X €step

Nstep number of (imaginary) time steps
Npop average population size
€step CPU time needed for one single step per configuration

— “Linear scaling” QMC: €4tep X Natom
[A. J. Williamson, R. Q. Hood, and J. C. Grossman, PRL 87, 246406 (2001)]
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(Reblocked) Statistical standard error

Standard error in average over Nyep X Npop correlated data points:

T 1 X
E 0) — atoIn >< E atoI1nl — — = sz
0( t tal) t 0( ¢ ) \/( Tstep Nstep><NP0P)O-d

For a perfect insulator: /N independent, identical atoms

o3 raw DMC variance (=03 = <\I!|H2\\IJ> — <\IJ|H\\IJ>20<Nat0m)

Teorr integrated serial correlation time (independent of Nuom)
Xpop=>1  population correlation factor (yet unknown)

€ Xpop
total X 02( Eatom)

— Scaling of Xpop, With Nyiom 777 |
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Some formalism

random variable X, expectation value (X)
variance: 0% = var[X] = (X?) — (X)?

standard deviation ox =std|X| = \/var|X]|
covariance: cov| X, Y|=(XY) — (X )(Y) = cov|X, X]|=var[X]
correlation: corr[ X, Y] =cov[X,Y]|/oxoy = corr[ X, X]=1

homogeneous series of random variables X;, i =1...N, var[X;] = 0%

variance of correlated sum: var| }  Xi|=) ; ; cov[X;, X}]
variance of series average: var[ )" X;/N]=>", . cov[X;, X;]/N?

effective sample size: Neg:=

uncorrelated series: corr| X;, X ;| =
non-negative correlation: corr|X;, X
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Integrated autocorrelation factor

homogeneous series of random variables X; with var[X,] = 0%
Autocorrelation: a; = corr|X;, Xyl
1 Nstep
Series average: (X)_ = N X;
Step i—=1
ox
V&I’[<X>T} = A2 corr|X;, X ]
step i,j
0
~ a
J
Nstep o
= —00

Integrated autocorrelation factor:

Nste

— P __

Xautocorr — Neff =1+2 E a 4
step j=1
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Integrated autocorrelation time 7o,

e ‘physical” process: drift diffusion in continuous time 7
e computer simulation: small, finite time step Tytep

e time-step extrapolation Tytep — 0

e physical quantities must be independent of Tytep

e integrated autocorrelation factor must scale as

Tcorr

X autocorr —

Tstep

Integrated correlation time 7.y
— independent of 7y, when close enough to 7ep — 0
—  characteristic of physical system in DMC process

— independent of Nom for sufficiently independent atoms
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Measuring population correlation

Ngtep time steps (index 1)
population size Npep (index p)
local energy of individual configuration: E]i)
(assuming constant Ny, neglecting weight fluctuations!)

Raw DMC variance:

o 1= (((BD))) —((E3),)’

Variance of population average:

oh = (B —((E) )
Effective population size:

eff __ 2 2
N, pop — Odmc / O pop
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Population correlation of a real system

® N.tom independent hydrogen atoms (nuclear charge Z, one electron)

e STO wave functions with detuning parameter «a (exact for a =1):
U(r)=ae 4"+ (1 — oz)e_(o”rl)z"”

Nt =300 . o
= a = 1.5
100K -:I\I;T’];.: T W R e . I a 7 — 1
O-(%.mc ~ 008 X Natom
5;)— 1 1 i Teorr ~ 2.0
ff
2 !Nﬁop
= 2 — | — significant correlation
O | | | | fOI’ O-dmc X TCOI‘I‘ z ].
0 20 40 60 80 100

>
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Weight fluctuations

Assume weighted average over N, time steps:

(assuming uncorrelated, homogeneous series! — var[X;| =o%)

Variance of average:

Var[<X>N}
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Weight fluctuations in a real system

independent H-atoms: Nyom =12, @ =3.0 (— 03~ 2.4, Teon~1.1)
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Measuring statistical inefficency xpop

Total energy of DMC run — a weighted average over Ngep, values:

]

B = wi( Ep)
tot ZZ w; zz::l () p bop
View E}”; as random variables for fixed w; and Nf;op:
1 o
Tcorr 2 )
var|E = 2 wivar <EZ> ]
[ tot] Tstep (Zz wi)2 ; ? [ P/ vop
Tcorr 1 1 2
= X X X O
Tstep ngp Nggfp dme
N\ 2
A [ (5
1 1 2 |\w 1 pop
Neft ><]\[eﬂ” o _2>< _0_2 w2
step pop ( Zz 'wz) dmc i Wi

N, step X N pop

Xpop = roff off
N, step X N pop
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Variance of local energy

O (r) = FVAH() = V(L) ) 4 [ = Bl £
2 r
Eloc - V\IJZ;:Z};E) ) - V(’I")

VMC-variance o3, — physical property of trial wave function W,.:

0-\2fmc — <\Ijaxp|H2|\IjapX> — <\Ijaxp|H‘\Ijapx>2 — Va’r\IJng[EIOC]

e depends on quality of trial wfn: ¥, — Vo= 05, — 0

o typically scales with system size: 02, ¢ Natom

DMC-variance 03, (“raw” variance of local energy during DMC run):

Oc2lmc — Var‘IJDMC(T)"I’apc("“)[Eloc(r)]

o typically 0qnc™ oime (since Ypne~ Vapx~ o)
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Asymptotic estimate of Xpop for Teorr < Thranch

Branching rate: population of Ny, "walkers"
7'10_1 = e — B
Killing rate: o V2w I A A S A A N A (N A A A A

—1 -1 .I. ..................

Tkill = Thranch
Time to decorrelate two identical copies:

Teorr/ 2
after killing event (Npop = Npop— 1):
eff / __ preft
Npop = Npop — 1

after branching event (Npop = Npop+ 1):
— Npop — 1 uncorrelated walkers, 2 identical copies
(3 wi)® _ (Npop—1) X T+1x2)*  (Npop+ 1) Neeg>1

Nggp/: 5 — — ~ pop — 1
ST (wi)? ((Npop—1) x124+1%x22  Npgp+3

'\

A\

=00
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Asymptotic estimate of Xpop for Teorr < Thranch

Branching rate: population of Ny, "walkers"

Killing rate:

. |
Tkill — Tbranch

Time to decorrelate two identical copies:

Teorr/ 2
after branching event:

N/ L pop"_l Neff/:Neff 1

pop pop pop
after killing event:

Nlop=Npop—1 N = N1

pop pop pop

= asymptotically for 7o < Thranch:
fF\ —1
<N§0P> = N pop 2N PoP Thranch X Tcorr / 2

Xpop — 1+ 7_corro_dmc/ V 2T
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Model DMC process

Uncorrelated Gaussian random sequence &;:

(&) =0 ; var|&| = o2

Defined correlated diffusion process:

Eo:=Xo, Byi=al; 1+ V1— o’ fz

= corr[E;, Ej] = al*™
Tcorr 1+«
Tstep ]l —«

Model DMC process:
e ecach walker defined by single variable E

o correlated diffusion step according to E — aF + V1 — a?¢
e branching according to weight w =exp(Es— E)

e algorithm (incl. population control) similar to CASINO ( — Teeref)
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Model DMC process — results

10% | . ;  simulated DMC process
: 1 based on correlated series
3 of gaussian random numbers
10° F
parameter Teeref:
10° F — population control
10 F ;
o | ]
><84 eXp(Jdchcorr/ vV 27T) 1
1o 2 4 6 8 10
O dmec 7 corr
confirmed for ogmeTeorr <K 1: found extrapolation:

TcorrO dme TcorrO dmc
= 1+

Xpop = oL Xpop exp( NG
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Scaling of Xxpop IN sample system

e N.iom independent hydrogen atoms with detuned wave function

4F T ]
10 E a:1.1 O . Natom€{17°'°764}
 |o—0 =12 " ° Npop=200
10°F [e—e a=15 o 7—1
oo a=2 . oo & 2.55...1.06
' |e—e =25 2 o 2
1025- o o—3 —  Odmc ™~ Ovmc
105_ eXp(Udchcorr/ vV 277) 3
o, | ]
S
Q' L.
X |
1 | | \
0 O dmc7 corr > 10 15
confirmed for o gmcTeorr <& 1: found extrapolation:

Tcorr0 dmc Tcorr0 dmc
= 14+

Xpop = NG Xpop 2 exp( Nor
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Quantitative analysis of various real systems

atoms (ae)
He

C

Ar

molecules (ae)
H>O

CHy

CoHy

SO9

crystals

diamond (pp)
diamond (ae)
graphite (pp)
silicon (pp)
electron gas

3d crystal (rs=1)
3d fluid (rs=>5)
3d fluid (rs=10)
2d crystal (rs=1)
2d fluid (rs=1)

Tcorr

0.5
0.4
0.04

0.1
0.3
0.4
0.06

0.15
0.1
0.3
0.4

0.2
5
16
0.4
0.3

ol ./atm
0.0044
0.16

3.0

0.26
0.00042
0.000051
0.038
0.033
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X pop = 2
2700 atoms
140 atoms
250 atoms

550 molec.
120 molec.
38 molec.

105 molec.

630 atoms
133 atoms
135 atoms
328 atoms

193 elec.
330 elec.
242 elec.
570 elec.
1154 elec.
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The big picture

Conjecture: exponential scaling of Xpop is fundamental property of DMC.

“Diffusion Monte Carlo™:
e not really a Monte Carlo integration
e rather the simulation of the time evolution of a chaotic process

e as such exponentially instable in simulation time/system size

— other QMC methods do not suffer from this kind of scaling:
variational MC, path integral MC, generally: proper MC integrations

( — very different from the fermion sign problem!)
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Summary
e CPU cost of DMC simulation:

X pop

0-2(Eatom)
e Measurement of statistical inefficiency:

N, step > N pop

Xpop = roff off
N, step N, pop

€total X

e Asympotics + extrapolation based on numerical data:

TcorrO dmc )

Xpop Z eXp( \/%

e Statistical inefficiency becomes relevant for typically Nyom = 100

e Beyond this point, DMC scales as

€total X eXP(X V N, atom)
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